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Abstract

Consider a market where two large companies provide services to
the population through “cloud” virtual operators which buy compa-
nies’ services and sell them to clients. Each of the large companies
determines a price, which it obtains through selling its services to
virtual operators. The number of its clients and its resource (a char-
acteristic of the company’s attractiveness for clients), are known. The
game process is a repetition of a two-step game in which virtual op-
erators choose companies and prices for services. Each of the virtual
operators needs to choose a company whose services he is going to
sell and to define a price for the services to sell to clients. Each vir-
tual operator chooses the probability of choosing the company and
the price for services which they sell to clients, taking into account
that clients’ distribution among operators is given by the Hotelling
specification. Each virtual operator at each step tries to maximize his

∗Institute of Applied Mathematical Research, Karelian Research Center, Russian A-
cademy of Sciences, 11, Pushkinskaya Street, Petrozavodsk, Russia 185910 (e-mail: juli-
a@krc.karelia.ru).
†Department of Decision Sciences and Managerial Economics, The Chinese University

of Hong Kong, Shatin, Hong Kong, China (e-mail:jaimie.academic@gmail.com)
‡Institute of Applied Mathematical Research, Karelian Research Center, Russian A-

cademy of Sciences, 11, Pushkinskaya Street, Petrozavodsk, Russia 185910 (e-mail: v-
mazalov@krc.karelia.ru).
§School of Economics and Management, Tsinghua University, Beijing, China, 100084

(e-mail: jie.academic@gmail.com).

1



payoff. We find the virtual operators’ optimal strategies and consider
the question: Can the system achieve some stationary state under the
repeated two-step game, or does it form a repeating cycle of states?

Keywords: cloud operators, repeated two-step game, Hotelling specifi-
cation, Nash equilibrium, stationary state

1 Introduction

A virtual operator is a service provider which does not have its own infras-
tructure and needs to enter into a business agreement with a real operator
(e.g. network operator, internet or hosting provider, data center). It obtains
access to an operator’s resources at wholesale rates and provides services to
customers at its own independent retail prices. Examples of such virtual op-
erators are virtual network operators (e.g. mobile), or different cloud services
using resource bases belonging to large internet/hosting providers.

We consider a market where two large telecommunications companies
lend their resources (network, computing, communication). Each company i
allocates some resource ri and grants an access to it with a wholesale rate pi
per unit of the resource. The company i has its own client base (subscribers)
of size ni. Virtual operators lease companies’ resources and provide services
to their clients. Virtual operator j enters into a business agreement with
company i with the probability xij. In particular xij = 1 means that a
virtual operator j contracts with a company i and xij = 0 otherwise. Each
virtual operator leasing resources obtains a utility Cj from using them and
also obtains a payoff by selling services to clients choosing it with price qj.
Companies’ clients choose operators to buy services from according to their
own preferences.

We consider the market as a two-step repeated game. Players of the game
are virtual operators. For each virtual operator j its profit is Cj + uj(x, q)
where Cj is large enough to provide a non-negativity of profit and pay-
off uj(x, q) depends on strategies x and q we consider in a form of rev-
enue per client * clients count – leasing costs. Companys’ clients choose op-
erators to buy service from by comparing their utilities hij = S + rixij − qj.
The game is a repetition of two steps. At step 1 each player j chooses a
company to contract with, maximizing uj(x, q) by xij, i = 1, 2 with fixed
prices q. At step 2 each player j assigns a price for its service, maximizing
uj(x, q) by qj with fixed x.
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2 The game for 2 operators

The partition of company i’s clients choosing operator j is given by the
Hotelling specification [1]

1

2
+

hij − hi(3−j)

2kij
,

where hij = S + rixij − qj is the utility of company i’s clients by choosing
operator j, where kij > 0 measures the degree of dissatisfaction which com-
pany i’s clients feel towards operator j and reflects a subjective difference
between companies and virtual operators.1

Then the payoff for the virtual operator j is

uj(x, q) = qj
∑
i

ni

(
1

2
+

hij − hi(3−j)

2kij

)
−
∑
i

xij

xi1 + xi2

piri.
2

We use the following notation to simplify the expressions. xj := x1j is
the probability to contract with the first company for operator j and the
opposite probability 1− xj := x2j is the probability that operator j chooses
the second company. With such notations payoffs will be transformed as
follows

u1(x, q) =

q1
2

(
(n1 + n2)− (q1 − q2)

(
n1

k11
+

n2

k21

)
+

(
n1r1
k11
− n2r2

k21

)
(x1 − x2)

)
− x1

x1 + x2

p1r1 −
1− x1

2− x1 − x2

p2r2,

u2(x, q) =

q2
2

(
(n1 + n2) + (q1 − q2)

(
n1

k12
+

n2

k22

)
−
(
n1r1
k12
− n2r2

k22

)
(x1 − x2)

)
− x2

x1 + x2

p1r1 −
1− x2

2− x1 − x2

p2r2.

1We assume that (kij − ki(3−j))(hij − hi(3−j)) ≥ 0 to ensure that the number of clients
of company i using operator 1 or operator 2’s services add up to no greater than ni.

2We assume that a company which has no operator contracting with it has its costs
compensated by each of the operator, which can be understood as an operational or
maintenance cost with efficiency loss in order to provide basic service to that company’s
client base. Mathematically, we require

xij

xi1+xi2
= 1 if xi1 = xi2 = 0.
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Consider the first step of the game where operators define their distribu-
tion between companies. Payoffs uj(x, q) are convex in xj, optimal values are
xj ∈ {0, 1}, so optimal strategies at this step are pure strategies. We find
the equilibrium for x where the strategy for each player is the best response
to his opponent’s strategy. Such situations are described by

x∗(q) = (x∗1(q), x∗2(q)) =



(0, 0), if

{
q1R1 ≤ −p2r2,
q2R2 ≤ −p2r2,

(0, 1), if

{
q1R1 ≤ p1r1,
q2R2 ≥ −p2r2,

(1, 0), if

{
q1R1 ≥ −p2r2,
q2R2 ≤ p1r1,

(1, 1), if

{
q1R1 ≥ p1r1,
q2R2 ≥ p1r1,

where Rj := n1r1
k1j
− n2r2

k2j
, j = 1, 2. Each x∗j(q) is the best response to the

opponent’s x∗3−j(q). Note that an equilibrium at the first step does not always
exist. If R1 and R2 are both more or less than zero simultaneously, a pure-
strategy equilibrium exists (for some cases there are two or three equlibria),
but if they have different signs then there are areas for q values for which there
is no pure-strategy equilibrium. For example, if R1 < 0 and R2 > 0 there is
no pure-strategy equilibrium where p1r1

R1
< q1 < −p2r2

R1
and −p2r2

R2
< q2 <

p1r1
R2

.
Consider the second step in which players determine prices. We allow for

negative prices to also be feasible and interpret this scenario as a situation
where an operator invests money towards some promotion actions in order
to minimize costs.

The payoff uj(x, q) is parabolic and concave in qj. The optimal qj is
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arg max
qj

uj(x, q) and equilibrium for q is

q∗(x) = (q∗1(x), q∗2(x)) =(
n1 + n2

3

(
2

K1

+
1

K2

)
+

x1 − x2

3

(
2R1

K1

− R2

K2

)
,

n1 + n2

3

(
2

K2

+
1

K1

)
− x1 − x2

3

(
2R2

K2

− R1

K1

))
=(

(n1 + n2)(K1 + 2K2) + (x1 − x2)(2R1K2 −R2K1)

3K1K2

,

(n1 + n2)(2K1 + K2)− (x1 − x2)(2R2K1 −R1K2)

3K1K2

)
,

where Kj = n1

k1j
+ n2

k2j
, j = 1, 2.

Then the system changes its states in the following way. First, operators
enter into the game with initial prices q0. At the first transition they define
their equilibrium distribution between companies with respect to their initial
prices and change their prices with respect to the new distribution between
companies. Then, at the second transition they change their distribution to
equilibrium with respect to new prices and update prices, and so on. The

process can be represented as follows: (Initial state with initial prices q0)
1−→

(x1 := x∗(q0), q1 := q∗(x1))
2−→ (x2 := x∗(q1), q2 := q∗(x2))

3−→ . . .
After any transition of the system, if a pure-strategy equilibrium for the

first step exists, the following states are possible:

1) (0, 0) with prices
(

(n1+n2)(K1+2K2)
3K1K2

, (n1+n2)(2K1+K2)
3K1K2

)
,

2) (0, 1) with prices
(

(n1+n2)(K1+2K2)−(2R1K2−R2K1)
3K1K2

, (n1+n2)(2K1+K2)+(2R2K1−R1K2)
3K1K2

)
,

3) (1, 0) with prices
(

(n1+n2)(K1+2K2)+(2R1K2−R2K1)
3K1K2

, (n1+n2)(2K1+K2)−(2R2K1−R1K2)
3K1K2

)
,

4) (1, 1) with prices
(

(n1+n2)(K1+2K2)
3K1K2

, (n1+n2)(2K1+K2)
3K1K2

)
.

In the general case, the pure-strategy equilibrium for the first step where
players define their distribution between companies does not always exist.
Now we consider two special cases where a pure-strategy equilibrium always
exists.
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2.1 Company-dependent client preferences

Consider the case where client preferences are company-dependent, that is
kij = ki for j = 1, 2.3

In this case, payoff functions are

u1(x, q) =

q1
2

(
(n1 + n2)− (q1 − q2)

(
n1

k1
+

n2

k2

)
+ (x1 − x2)

(
n1r1
k1
− n2r2

k2

))
− x1

x1 + x2

p1r1 −
(1− x1)

2− x1 − x2

p2r2,

u2(x, q) =

q2
2

(
(n1 + n2) + (q1 − q2)

(
n1

k1
+

n2

k2

)
− (x1 − x2)

(
n1r1
k1
− n2r2

k2

))
− x2

x1 + x2

p1r1 −
(1− x2)

2− x1 − x2

p2r2.

Without loss of generality we assume that R := n1r1
k1
− n2r2

k2
> 0, otherwise

we can re-enumerate companies. Also we do not consider trivial case where
R = 0 and companies are in some sense identical. Equilibria for both steps
in this case are

x∗(q) = (x∗1(q), x∗2(q)) =



(0, 0), if

{
q1R ≤ −p2r2,
q2R ≤ −p2r2,

(0, 1), if

{
q1R ≤ p1r1,
q2R ≥ −p2r2,

(1, 0), if

{
q1R ≥ −p2r2,
q2R ≤ p1r1,

(1, 1), if

{
q1R ≥ p1r1,
q2R ≥ p1r1.

q∗(x) = (q∗1(x), q∗2(x)) = (Q + P (x), Q− P (x))

where Q =
k1k2(n1 + n2)

n1k2 + n2k1
, P (x) =

(x1 − x2)(n1r1k2 − n2r2k1)

3(n1k2 + n2k1)

3Note that when ki1 = ki2 the number of clients of company i using operator 1 or
operator 2’s services add up to exactly ni, which is a reasonable outcome.
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In the case of company-dependent client preferences, pure-strategy e-
quilibrium x exists for any prices q, so after any transition system arrives
at one of the states (0, 0), (0, 1), (1, 0), (1, 1) new equilibrium prices are
updated depending on the distribution between companies and equal to
q(0, 0) = q(1, 1) = (Q,Q), q(0, 1) = (Q−P,Q+P ), q(1, 0) = (Q+P,Q−P ),

where Q = k1k2(n1+n2)
n1k2+n2k1

and P = (n1r1k2−n2r2k1)
3(n1k2+n2k1)

.
Now there is an important question: Does the system come to a stationary

state or to a cycle of states? For the case of R = n1r1
k1
− n2r2

k2
> 0 we obtain

the following results:

• The system comes to a stationary state after ≤ 3 transitions.

• The system can come to stationary states (0, 1) and (1, 0), if

k1k2R
(
n1 + n2 − R

3

)
n1k2 + n2k1

≤ p1r1.

• The system can come to stationary state (1, 1), if

k1k2R(n1 + n2)

n1k2 + n2k1
≥ p1r1.

• If
k1k2R(n1+n2−R

3 )
n1k2+n2k1

≤ p1r1 ≤ k1k2R(n1+n2)
n1k2+n2k1

any of states (0, 1), (1, 0), (1, 1)
is stationary.

• Equilibrium and stationary states do not depend on p2.

2.2 Operator-dependent client preferences

Consider now the case where client preferences are operator-dependent, that
is kij = kj for i = 1, 2.

The payoff functions are

u1(x, q) =
q1

2k1
((n1 + n2)(k1 − q1 + q2) + (n1r1 − n2r2)(x1 − x2))

− x1

x1 + x2

p1r1 −
(1− x1)

2− x1 − x2

p2r2,
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u2(x, q) =
q2

2k2
((n1 + n2)(k2 + q1 − q2)− (n1r1 − n2r2)(x1 − x2))

− x2

x1 + x2

p1r1 −
(1− x2)

2− x1 − x2

p2r2.

As in the previous case, without loss of generality, we assume that R :=
n1r1 − n2r2 > 0. Equilibria for both steps are as follows:

x∗(q) = (x∗1(q), x∗2(q)) =



(0, 0), if

{
q1R ≤ −p2r2k1,
q2R ≤ −p2r2k2,

(0, 1), if

{
q1R ≤ p1r1k1,
q2R ≥ −p2r2k2,

(1, 0), if

{
q1R ≥ −p2r2k1,
q2R ≤ p1r1k2,

(1, 1), if

{
q1R ≥ p1r1k1,
q2R ≥ p1r1k2.

q∗(x) = (q∗1(x), q∗2(x)) =(
2k1 + k2

3
+

(x1 − x2)R

3(n1 + n2)
,

2k2 + k1
3

− (x1 − x2)R

3(n1 + n2)

)
.

As in the previous case, equilibrium x exists for any prices q, and after any
transition the system is in one of four states with corresponding equilibrium
prices: q(0, 0) = q(1, 1) = (2k1+k2

3
, 2k2+k1

3
), q(0, 1) = (2k1+k2

3
− P, 2k2+k1

3
+ P ),

q(1, 0) = (2k1+k2
3

+ P, 2k2+k1
3
− P ), where P = R

3(n1+n2)
.

We investigate a similar question: Does the system come to a stationary
state or to a cycle of states? As in previous case, we obtain the following
results for R = n1r1 − n2r2 > 0.

• The system comes to a stationary state after ≤ 3 transitions.

• The system can come to stationary states

(0, 1), if
(

2k1+k2
3
− R

3(n1+n2)

)
R ≤ p1r1k1,

(1, 0), if
(

2k2+k1
3
− R

3(n1+n2)

)
R ≤ p1r1k2,

(1, 1), if

{
2k1+k2

3
R ≥ p1r1k1,

2k2+k1
3

R ≥ p1r1k2.

• Equilibrium and stationary states do not depend on p2.

8



3 M ≥ 3 operators and company-dependent

client preferences

Now consider the market where M ≥ 3 operators distribute themselves be-
tween two companies. In this case a partition of company i’s clients choosing
operator j = 1, . . . ,M is defined as

1

M
+
∑
l 6=j

hij − hil

Mki
.

The payoff for operator j is

uj(x, q) = qj
∑
i

ni

(
1

M
+
∑
l 6=j

hij − hil

Mki

)
−
∑
i

xij∑
l

xil

piri.
4

As in the case of two operators we use the notation xj to represent to the
probability that an operator j contracts with the first company. With this
notation a payoff function for an operator j = 1, . . . ,M is

uj(x, q) =
qj
M

(
(n1 + n2)− ((M − 1)qj −

∑
l 6=j

ql)

(
n1

k1
+

n2

k2

)
+

((M − 1)xj −
∑
l 6=j

xl)

(
n1r1
k1
− n2r2

k2

))
−

xj∑
l

xl

p1r1 −
(1− xj)

M −
∑
l

xl

p2r2

We also assume here that R = n1r1
k1
− n2r2

k2
> 0.

Equilibria for the first step are x∗(q) = {x∗j(q) ∈ {0, 1}}Mj=1, where K =∑
l

x∗l (q), and

{
(M−1)Rqj

M
≥ p1r1IK>1

K
− p2r2IK<M

M−K+1
for x∗j(q) = 1,

(M−1)Rqj
M

≤ p1r1IK>0

K+1
− p2r2IK<M−1

M−K for x∗j(q) = 0.

4As in the case of two operators, here we also assume that a company which has no
operator contracting with it has its costs compensated by each of the operator. Mathe-
matically, we require

xij∑
l

xil
= 1 if xij = 0 for all j.
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Equilibrium prices at the second step are

q∗j (x) =
k1k2(n1 + n2)

(M − 1)(n1k2 + n2k1)
+

k1k2R

(
Mxj −

∑
l

xl

)
(2M − 1)(n1k2 + n2k1)

.

Note that operators are symmetric and can vary only in strategies. After
any second step, operators choosing the same company have the same price.
We divide operators into groups

A = {j ∈ {1, . . . ,M}|xj = 1}, B = {j ∈ {1, . . . ,M}|xj = 0},

where the group A consists of operators contracting with the first company
and the group B contains remaining operators choosing the second compa-
ny. Then any system state is described by group A size K = |A| =

∑
j

xj

with equilibrium prices qA(K) = Q + k1k2R(M−K)
(2M−1)(n1k2+n2k1)

and qB(K) = Q −
k1k2RK

(2M−1)(n1k2+n2k1)
, where Q = k1k2(n1+n2)

(M−1)(n1k2+n2k1)
.

Then state 0 ≤ K ≤M is an equilibrium if{
(M−1)RqA(K)

M
≥ p1r1IK>1

K
− p2r2IK<M

M−K+1
for K > 0,

(M−1)RqB(K)
M

≤ p1r1IK>0

K+1
− p2r2IK<M−1

M−K for K < M.

In this case we obtain the following results for the system where R =
n1r1
k1
− n2r2

k2
> 0.

• The system comes to a stationary state after ≤ 3 transitions.

• There is a set of states {1,M − 1,M} such that at least one of them is
a stationary state and can be achieved after ≤ 3 transitions.

• Other stationary states from the remaining set {2, . . . ,M − 2} are not
excluded but can be achieved after 1 transition if the system by chance
has suitable initial prices q.

An Example. Consider the system with two companies. The first
company has been in the market for a long time and has more subscribers
(n1 = 25, n2 = 10), but its resources are more expensive (p1 = 10, p2 = 5).
The second company trying to catch market opportunities, assigns low prices,
implements an aggressive advertising policy (k1 = 1, k2 = 2) and allocates
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more resources for accessibility (r1 = 0.5, r2 = 0.6). There are M = 10
virtual operators. Depending on initial prices q, the system arrives at one of
states presented in the table and then changes state until it arrives at one
of stationary states (see bold font in the table). Note that in states K = 8
and K = 9 operators choosing the second company have negative prices, but
it does not interfere with the fact that the state K = 9 is stationary. Note
also that the stationary states K = 2, 3 are isolated and that the system can
arrive at them only by chance with suitable initial prices.

K qA qB Possible transitions
0 – 0.13 1, 10
1 0.28 0.112
2 0.26 0.096
3 0.246 0.08
4 0.23 0.063 1, 10
5 0.213 0.046 1, 9
6 0.196 0.03 1, 9
7 0.18 0.013 1, 9
8 0.163 -0.004 1, 9
9 0.146 -0.02
10 0.13 –

4 Conclusion

We consider a market in which two virtual operators lease wholesale resources
from two possible companies and set prices for companies’ clients. The strate-
gic interaction between virtual operators is modeled as a two-step repeated
game. In the first step, virtual operators jointly choose the probability distri-
bution of contracting with each company given the prices operators charge,
and in the second step, virtual operators jointly determine the retail prices
given the probability distribution of contracting with each company. We solve
for the optimal strategies for operators in each step and discuss about con-
ditions under which a pure-strategy equilibrium exists in the first step.For
the cases in which clients have company-dependent or operator-dependent
preferences, we fully characterize the conditions for obtaining a stationary
equilibrium. Furthermore, we extend the analysis to the case of more than
two operators under company-dependent client preferences and obtain the
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analogous stationary equilibrium conditions.
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[5] Kiiski A., Hämmäinen H. (2004). Mobile virtual network opera-
tor strategies: Case Finland. ITS 15th Biennial conference. Berlin,
Germany (47 September 2004).
URL http://www.netlab.tkk.fi/tutkimus/lead/leaddocs/
KiiskiHammainen MVNO.pdf

[6] Kllapi H., Sitaridi E., Tsangaris M. M., Ioannidis Y., Schedule op-
timization for data processing ows on the cloud, Proceedings of the
2011 ACM SIGMOD International Conference on Management of da-
ta, SIGMOD ’11, ACM, New York, NY, USA, 2011, pp. 289–300. URL
http://doi.acm.org/10.1145/1989323.1989355

[7] Mazalov V.V., Mathematical Game Theory and Applications, New York:
Wiley, 2014.

[8] Mazalov V., Lukyanenko A., Luukkainen S. Equilibrium in cloud com-
puting market, Performance Evaluation, Vol. 92. 2015. pp. 40–50

12



[9] Mazalov V.V., Melnik A.V. Equilibrium Prices and Flows in the Pas-
senger Traffic Problem, International Game Theory Review, 18, no. 1.
2016.

[10] Raivio Y., Mazhelis O., Annapureddy K., Mallavarapu R., Tyrväinen P.
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